Abstract-This paper studies the distributed containment control problem in sampled-data multi-agent systems with directed network topologies. Different from the widely used containment controller which only adopts current information, we consider a distributed PD-like controller which can be regarded as an extension of the traditional PD-type controller for a single system. By augmenting the system dimension and applying the bilinear transformation, we obtain a necessary and sufficient condition of control gains which guarantees that the containment control problem can be solved. It is shown that under the proposed controller with appropriate control gains, the followers will eventually move into the convex hull spanned by the leaders. A numerical is provided to verify the theoretical results.
INTRODUCTION
Over the last decade, the cooperative control of multi-agent systems has received remarkable attention, partly due to its wide applications such as formation control of robots, averaging in communication networks and distributed sensor networks [1] - [3] . A basic aspect to take into account in the cooperative control area is consensus, which means that a group of agents, starting from different initial states, agree on a certain value via local information sharing.
Building on the pioneering works [4] and [5] , many researchers have been devoted to studying the consensus problem from different perspectives [4] - [8] . Roughly speaking, early literatures can be classified as leaderless consensus or leader-following consensus. The leader-following consensus problem is also mentioned as the distributed tracking, where a single stationary or dynamic leader is considered in an agent group. However, in some practical applications, there are several leaders and there is no information shared between them. In presence of multiple leaders, the distributed containment control problem arises, with the objective of designing containment controller which guarantees that the followers will eventually move into a given geometric space spanned by the leaders. Since the multiple leader concept was introduced in [9] , considerable works have been conducted on the containment control problem. The authors in [10] investigated the containment problem for first-order multiagent systems, providing necessary and sufficient conditions under which the containment control problem is solved. The second-order containment control was considered in [11] , where distributed protocols were proposed for agent groups with both stationary and dynamic leaders, respectively. Efforts were made in [12] to further provide necessary and sufficient conditions for containment control of groups of first-and second-order agents. Among these works, however, a common feature is that only the current information is adopted in the containment controller design.
In this paper, we study the distributed containment control problem in sampled-data multi-agent systems with directed communication networks. Distinguished from the widely used protocol, we adopt a distributed PD-like protocol to solve the containment control problem. This protocol is partly motivated by the consensus protocol using outdated states in [8] . By augmenting the system dimension and applying the bilinear transformation, we provide a necessary and sufficient condition of control gains under which the containment control problem is solved. It is shown that the followers will eventually move into the convex hull spanned by the leaders with the proposed protocol. A numerical is provided to verify the theoretical results.
The rest of this paper is organized as follows. In Section II, the notation and preliminaries will be introduced. In Section III, the containment control problem using the PD-like protocol will be studied and the condition on the controller gains will be obtained. The illustrative example will be provided in Section IV and Section V will give a brief conclusion of this paper.
II. NOTATION AND PRELIMINATIES
We use a graph to describe the communication between a group of N agents. We denote by ( , )
is the nonempty set of nodes representing the N agents, E V V ⊆ × is the edge set. An edge of G is represented by a pair of distinct nodes ( , ) i j E ∈ , where node i can obtain information from node j . Denote
as the set of neighbors of node i . The adjacency matrix adj A is defined such that ij a is the nonnegative weight of edge ( , ) j i . Throughout this paper, we use A B ⊗ to represent the Kronecker product of the matrices A and B . We write ( ) i λ ⋅ to denote the i-th eigenvalue of a matrix.
We consider a group of N agents governed by first-order sampled-data dynamics. Moreover, we assume that there are M followers and N M − leaders; denote the index set of the followers and the leaders as
, respectively. In this paper, we need the following assumptions: Assumption 2.1 Suppose that for each follower there exists at least one leader that has a directed path to that follower.
Assumption 2.2
Suppose that the sampling period ε satisfies
The agent dynamics is described as follows:
( 1) ( ) ( ),
where i
x ∈ℜ and i u ∈ℜ are the state and the input of agent i , respectively, and ε is the sampling period of the agent.
The objective is to solve the distributed containment control problem, which can be described by the following definition.
Definition 2.1 ([13]
). The distributed containment control problem is said to be solved for system (1) if there exists a controller using local information such that the states of the followers ultimately converge to the convex hull spanned by the states of the leaders for arbitrary initial conditions. A widely used containment control protocol for multi-agent system (1) can be found in [10] . In this paper, we discuss the digital PD-like protocol. For the followers, the protocol can be provided as 
III. MAIN RESULTS
In this section, we focus on the containment control problem under the distributed PD-like protocols. 
,
( 1) ( ),
where ij l represents the i-th row and j-th column element of the Laplacian matrix L.
[ , ]
Then, multi-agent system (3)-(4) can be described as
( 1) ( )
where
Then, the collective network dynamics can be written as The proof is quite similar to Lemma 2 in [13] and thus is omitted here.
. Now we provide the main results in this section. (1) under (2) can be solved when the following inequalities hold:
Moreover, when the containment control problem is solved, the final states of the agents are as follows:
Proof. Notice that system (7) can be represented as
For the leaders, it can be seen from (6) 
Notice that
, which further implies that lim
For the followers, let 1 2 ( ) ( ) ( ) ( ). ( 1) ( ) ( ) ( ) ( )
By noticing that
we can get that
As a result, we have that
Thus, system (17) is asymptotically stable if and only if
Next, we focus on the matrix Ξ . The eigenvalues of Ξ satisfy that 
λ εβ ω λ ε λ εβ
Thus, we can conclude that system (17) is asymptotically stable if and only if the solutions of (20) have negative real parts.
As 0
From (22)- (23), it is seen that , it is seen that the parameters satisfy (8)- (10) . The state trajectories of agents are shown in Fig.2 . 
V. CONCLUSION
We have studied the distributed containment control problem in sampled-data multi-agent systems with directed network topologies. Distinguished from the widely used containment controller which only exploits current information, we have further considered a distributed PD-like controller. By augmenting the system dimension and applying the bilinear transformation, we have obtained a necessary and sufficient condition of control gains which guarantees that the containment control problem can be solved. A numerical have been provided to verify the theoretical results.
